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Abstract 

In this paper we give an overall view of the apportionment problem and its applications and, in 

particular, we discuss the determination of political representation. We comment on the methods cur

rently being used in Greece and in the United States of America for allocating representatives to their 

geographical regions and we offer alternatives which may be considered for future apportionment. (JEL 

C15) 

1. Introduction 

There is a large class of real life problems related to fairness in division and 
apportionment. For example, how one should allocate seats propostionally to 
party vote totals? In manpower planning the allocation of jobs in proportion to 
certain characteristics of the labor pool can be a problem. Service facilities 
—court, judges, or hospitals— may need to be allotted to areas in proportion to 
the number of people to be served. Any problem in which objects are to be 
distributed in non-negative integers proportionally to some numerical criterion 
belongs to this class and, is clearly connected to the statistical problem of mak
ing rounded percentages add up toy 100%. 

A perfectly fair division is impossible to achieve due to the indivisibility of 
the objects. In this paper, after an overall view of the apportionment problem we 
take a closer and more detailed look at one of its applications, namely the 
determination of political representation. We comment on the Hamilton 
method, being used in Greece for the allocation of seats of the Greek Parliament 
to the 56 nomos (districts). We do the same for the Hill method, currently being 
used in the United States to determine the allocation of the seats of the House of 
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Representatives to the 50 States. We point out the weak and strong points of 
these methods and we examine alternatives which may be under consideration in 
the future. 

2. History of the Apportionment Problem. Notation and Preliminaries 

The apportionment problem arises every time we are required to round 
fractions so that their sum is maintained at some given constant value. It appears 
in many situations, for example, in allocating seats of a legislature according to 
the populations of districts or to party votes, in assigning faculty to colleges or 
departments according to the number of students attending these colleges or 
departments, in allotting service facilities (courts, judges, or hospitals) to areas 
in proportion to the number of people to be served; in assigning buses to differ
ent routes to best meet the expected demand; in reporting statistical findings 
where we may wish to round percentages while we maintain the sum at 100%. 

In this section we first describe the problem of fair representation. What is a 
fair way to determine political representation in democratic institutions? 

In order to practice the ideal of one-man, one-vote, the democratic nations 
of the world have been using either of the following systems or a combination of 
them. 

1. The federal system, where the unit of representation is regional, that 
allocates seats to states or provinces according to their population. 

2. The proportional representation system, where the unit is political, that 
gives seats to a party according to its vote. 

For example, the United States has a federal system, Israel has a propor
tional representation system, while Germany, Switzerland and Greece have a 
combination of the two systems. 

In all of the systems the aim is that no individual should have a greater voice 
than another: a district should receive a number of representatives in proportion 
to its population or a party in proportion to its total vote. 

-
Although proportionality seems to be the solution, it cannot be met in 

practice. The problem that arises is what to do about the fractions. A representa
tive cannot be cut in pieces! In the United States, there have been many debates 
over the choice of method to solve the apportionment problem. Beginning at the 



A state should receive its fair share but, most of the time, the fair share is 
not an integer number. The matter has concerned many mathematicians and 
noted statesmen. This fact attests both to the complexity of the problem and to 
its profound political consequences. For example, in U.S.A., some of the grea
test disputes over method have been over the allocation of a single seat. In 
Greece, on the other hand, the primary controversies are over the political 
makeup of each of the districts representatives, rather than over the method of 
allocation of seats to each district. That is, there is more attention paid to who in 
particular (which political party) is going to get the seats of the parliament than 
to the number of seats allotted to each district. 

In the next section, we refer to the most popular of the methods of appor
tionment, existing around the world. 



Here is how these methods work: 

Jefferson finds such a divisor so that the whole numbers contained in the 
quotients of states sum to h, and gives to each state its whole number. In some 
countries (for example, Austria), Jefferson's method is known as D'Hondt's 
method. 

Adams finds such a divisor so that the smallest whole numbers containing 
the quotients ο the states sum to h and gives to each state its whole number. 

Webster finds such a divisor so that the whole numbers nearest to the 
quotients of states sum up to h, and then gives to each state its whole number. 

Before we introduce the apportionment methods of Deam and Hill we need 
the following definition: 
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The constituency size of a state is defined to be the number of persons per 
representative in this state. 

Dean finds a divisor d so that the whole numbers, which bring the average 
constituencies of the states closer to d sum up to h, and then gives to each state 
its whole number. In other words, Dean choose a common divisor d and gives to 
each state that number of seats which brings its number of inhabitants per 
representative closer to d. In practice, Dean's apportionment is obtained by 
dividing each state's population by d, and then giving the state either its quotient 
rounded-up or rounded-down, depending on whether or not the quotient 
exceeds the harmonic mean of the two choices. (The harmonic mean of two 
numbers is their product divides by their average). The sum of the given whole 
numbers must be h, otherwise d need to be adjusted. 

Hill gives to each state a number of seats so that no transfer of any one seat 
can reduce the percentage difference in representation between those states. To 
do this, Hill introduces a divisor d and gives to each state that number of seats 
which brings its constituency size closer to d in relative term. In practice, Hill's 
apportionment is obtained by dividing each state's population by d, and then 
giving to each state either its quotient rounded-up or rounded-down, depending 
on whether or not the quotient exceeds the geometric mean of these two choices. 
(The geometric mean of two numbers is the square root of their product). The 
divisor d needs to be adjusted if the assigned number of seats do not sum to h. In 
Section 4, we will present the exact steps being taken in the United States in 
computing apportionment. 

There are countless more methods of apportionment which are either 
Hamilton-type or belong to the category of the divisor methods. But which 
method should we be using? Are there any other methods to which we should 
pay attention? What constitutes fairness in the problem of apportionment? It 
seems that different definitions of "fairness" indicate different apportionment 
methods to be appropriate. Also for different distributions of the population we 
may need to use different apportionment methods. 
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5. Commeting on the Apportionment Methods Used in Greece and in 

U.S.A. in Determining Political Representation. 

In Greece, from 1926 until today, very rarely one can find two consecutive 
elections with exactly the same electroral system. In the last several decades, 
there is a "tradition" of changing the electoral system. Typically the changes are 
taking place a few months before the elections, so the government's chances for 
reelection are maximaized. It is worth mentioning that only in 1954 the govern
ment decided to vote for a new electoral law in the middle of its term. This is the 
only electoral law that, although was voted by the parliamentm was never used, 
since the same governmental majority replaced it by another one a few days 
before the elections of 1956! This bad tradition was made more official, in a way, 
when the 1974-1978 government rejected a request of the opposition for a stable 
electoral system. It may be that, the majority of the Greek politicians view the 
electoral systems as the most easily manipulated mechanism of the politics. That 
is why, the electoral system, part of which describes the method of apportion
ment, is always the center of political discussions, with increasing intensity as the 
election day approaches. Despite the significance of the electoral system and the 
fiery discussions about it, there are hardly any scientific monographs, books or 
papers in Greece that give some analysis of the systems and their characteristics. 
And, in particular, there is no in-depth study of the methods of apportionment 
that gevernments have or could have been using. In the Greek bibliography of 
the last seventy years, the books regarding the elections are limited to the 
following: 

(i) Papanastasiou, Α., Democracy and Electoral System (1923). 
(ii) Georgantas, M., Regarding proportional representation of the minorities 

(1923). 
(iii) Haritakis, G, Regarding proportional election (1923). 
(iv) Meuno, Z., The political powers of Greece (1965). 
(v) Ralli, K., Vote, elections and contemporary electoral systems (1969). 

(vi) Pantelis, Α., The Greek electoral systems and the elections from 1926 to 
1985(1988). 

Several papers concerning the elections in Greece have been published. These 
include: 

(i) Clogg, R., " G r e e c e " in the Bogdanov, V. and Butler, D., Democracy 
and Elections. Electoral Systems and their political consequences, Cambridge, 
1983, 190-208. 
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(ii) Katsikis, D., Grece, in Guide international des statistiques electorates, 
Volume 1: Elections nationates en Europe occidentale, Rokkan, St., and May-
riat, J. (eds), The Hague-Paris, 1969. 

(iii) Mourouzis, St., The proclamation of the deputees during the proceed
ings of the second apportionment (in Greek), Law Studies, Vol. I, Komotini, 
Greece, 1980. 

(iv) Nikilakopoulos, I., The electoral system as a guiding mechanism: 
Inferences an conclusions {in Greek), Parliamentary Review, 2nd Issue, October 
1989, 22-30. 

(v) Pantelis, Α., The electoral system and the small parties, The constitu
tion, Athens, 1982, 404. 

(vi) Papadimitriou, G., Electoral system and governing system, Parliamen
tary Review, 2nd Issue, October 1989, 16-21. 

(vii) Vegleris, Ph., L'evolution dy systeme et des pratiques electorates en 
Grece, in Cadart, J., Les modes du scrutin des dix-huitpays libres de TEurope 
Occidentale. Leurs resultats et leurs effects compares, Paris, 1983, 331-353. 

All these books and papers are mainly concerned with the effects of the several 
electoral systems on the operation of the democratic form of government, rather 
than present a systematic and comparative analysis of the characteristics of the 
several systems. 

Nikolakopoulos, I. (1989) studies the electoral systems that have been app
lied in some countries, and in particular, analyzes the characteristics of the 
electoral systems in Greece since 1926. There is no investigation on the methods 
of apportionment that government have been using to apportion the seats of the 
parliament to the districts. 

Studing the legislative decrees of Greece concerning the election of the 
deputees and, in particular, the methods of apportionment from 1929 to 1990, 
we find the following: 

It was in 1956 when the Greek legislation first introduced the Hamilton 
method, in the form that it is stated. The objective was to apportion the seats of 
the parliament into the electoral districts. 

In the years before 1956, the method used was some variation of the Hamil
ton method. The size of the parliament was most of the times specified (either 
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250 or 300 seats). There were other times where the size was not specified but 
rather was being determined by the method used (always though kept around 
250 or 300 seats, with the exception of the parliament size of 1946 which was 354 
seats). The method used in those years was working as follows: 

First, a divisor χ and a remainder r where declared. Each district would 
receive a number of seats equal to the integer part of the quotient obtained by 
the division of the population of the district by x. Districts having remainder 
larger than r would receive an extra seat. Districts having received no seats, 
would receive one. Whenever the parliament size was specified, then the assigned 
numbers of seats were being adjusted so that they summed up to the given size. If 
additional seats were needed then the districts with the largest remainder were 
given an extra one. If a number of seats needed to be deducted then the districts 
with the smallest remainders would lose one. 



The 1-stationary apportionment coincides with those of Webster and 
Hamilton. No district can be brought closer to its fair share without moving 
another state further from its fair share. On the other hand, the 2-stationary 
apportionments are slightly different than the 1-stationary one and, conse
quently, it is possible to take a seat from a state and give it to another and 
simultaneously bring both of them closer to their fair shares. But, even though 
2-stationary fails to stay near fair shares, it rounds in such a way so that the first 
two moments of the original number and the roundings agree. 

In the United States, on the other hand, the method currently being used to 
apportion the 435 seats of the House of Representatives to the 50 states, is the 
method of Hill or method of equal proportions. The method of equal propor
tions minimizes the percentage differences in the proportion (or ratio) of repres-
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entation in the House among all possible pairs of States, regardless of their size 
(population). This is true whether representation is calculated on the basis of (a) 
the number of Representatives per million population, or (b) the population per 
Representative. This method is being used since 1941 and recently (March 31, 
1992), the Supreme Court upheld the constitutionality of the method when 
Montana asked for an extra seat taken by the State of Washington. As it can be 
seen in Table 5, Montana would maintain both seats it was given in the decade of 
1980 if the apportionment was done with one of the following methods: Dean, 
Lownders or Adams. 

The steps that are being followed in computing the Hill apportionment of 
the 435 seats of the House of Representatives are: 

i) Each state receives one seat. 

ii) A priority list is created to determine the assignment to individuals states 
of each additional seat in the House from the 51st to the 435th. The priority 
values are calculated as follows: 

(1) Multiply the population of each State Successively by the multipliers 
shown in Table 1 — Multipliers for the Determination of Apportionment Prior
ity Values using as many multipliers as necessary to calculate a priority value for 
each seat in the House to which the State may be entitled. 

(2) Prepare a separate 3x5 card for each priority value calculated, showing 
the name of the State, the priority value, and the number of Representatives (size 
of delegation) corresponding to this value. 

(3) After completion of the calculation of the priority values for all States, 
arrange the priority values for all the States (i.e., all the 3x5 cards) in sequence by 
size from the largest priority value to the smallest. 

(4) Number the cards in rank order, beginning with number 51 for the 
largest priority value through 435. In order words, the 51st Representative is 
assigned to the State having the largest priority value, the 52nd to the State 
having the next largest, etc., untill all 435 seats have been allocated. 

(5) Prepare an alphabetical listing of the States and working in reverse 
sequence, beginning with card numbered 435 (corresponding to the assignment 
of the 435th seat), then card 434, etc., enter opposite each State name the largest 
number of representatives listed for each. (The first card encountered for each 

4 
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State will contain the largest "size of delegation" number for that State). Note 
that entries will be made only for States entitled to two or more Representatives. 
Enter the number "1" for all remaining States. The sum of the "size of delega
tion" entries for all States will, of course, add to 435 —the total number of 
Representatives apportioned. 

The Hill-apportionments, on the basis of the census of 1980 and 1990, are 
shown in Tables 4 and 5, respectively. In the 1990 census, for only the second 
time since 1900, the Census Bureau allocated the Department of Defense's over
seas employees to particular States for reapportionment purposes, using an 
allocation method that is determined most closely resembling "ususal residence", 
its standard measure of state affiliation. The 1990 reapportionment, which is 
based on the populations that include the overseas employees is shown in Table 
6. We notice, as Massachusetts did, that by including the overseas employees 
there was a shift of a seat from the State of Massachusetts to Washington State. 
Massachusetts appealed to the President and the Secretary of Commerce (April 
21,1992) but they had no luck as their appeal was denied (Decision was taken on 
June 26, 1992). 





In the United States, Hill's method has been the method of apportionment 
since 1941. It minimizes the difference between the representation in the House 
of any two states when measured by the relative difference in the average popu
lation per district and also by the relative difference in the individual share in a 
representative. But if the main purpose of apportionment is to give to ny group 
of individuals as nearly as may be the same weight in choosing representatives in 
the House whether they happen to live in the large states or the small states, then 
Webster's method is the one that should prevail. As Balinski and Young observe 
(1982), Hill's method is five times more likely to violate fair share than Webster's 
method. The latter, together with the 1-stationary method, are the only divisor 
methods that stay near the fair share all the time whether measured in absolute 
or relative terms. Moreover, small shifts in population can lead to large shifts in 
Hill's apportionment. 

The truth is that most of the times Hill's, Webster's and 1-stationary appor
tionments are identical. But at the times where the only difference is one or two 
transferred seats, the decision to favor one method over another must be based 
on logic and on constitutional principles, and not be driven by political interests. 
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