
«ΣΠΟΥΔΑΙ» Τόμος 52, Τεύχος 3ο, (2002), Πανεπιστήμιο Πειραιώς / «SPOUDAI», Vol. 52, No 3, (2002), University of Piraeus 

SEPARABILITY OF FIXED INPUTS 
IN DIFFERENTIAL SYSTEMS 

By 

Panos Fousekis 
Agricultural University of Athens 

Abstract 

This paper develops a differential demand system which involves fixed production inputs 
without the assumption that these are separable (strongly or weakly) from the perfectly variable 
inputs. This allows the allocation decisions for the perfectly variable inputs to depend on the 
intensity of use of the fixed inputs. It also allows testing for separability of fixed inputs through 
simple parameter restrictions. The differential input demand system has been applied to the 
agricultural sector in Greece for the period 1961-97. The null hypothesis of separability between 
Land and Capital (fixed inputs) and all the variable inputs have been decisively rejected 
suggesting that the intensity of use of Land and Capital do affect the allocation decisions for 
the variable inputs (JEL Classification: C3, D21). 
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1. Introduction 

In empirical demand studies researchers approximate unknown true 
technologies employing either the dual or the differential approach. The 
former involves an approximation in the space of variables (Diewert and 
Wales, 1987; Diewert, 1974) while the latter involves an approximation in 
the space of parameters (Theil, 1980; Laitinen and Theil, 1978, Rossi, 1984). 
Both approaches result into systems which posses the desirable properties 
of parsimony and flexibility. An advantage of the differential approach is 
that because it does not specify a particular form for the underlying 
technology, it may accommodate different technologies without being exactly 
appropriate for any particular one (Barten, 1993; Mountain, 1988). 

The theory of production allows for fixity of certain inputs in the 
short-run. In dual models the use of fixed inputs is a very common practice 
in both the theoretical and the empirical research (e.g. Weaver, 1983; 
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Morrison, 1986; Dupond, 1991; Hauver, Yee, and Ball; Lansink and Stefanou, 
1997). The issue of input fixity, however, has received much less attention 
in the literature of differential systems. Indeed, except for the work of 
Rossi (1984), all empirical applications of differential demand models have 
been carried out under the assumption that all production inputs are perfectly 
variable (e.g. Davis, 1997; Theil, 1977). In allowing for fixed inputs, Rossi 
specified a technology that is strongly (additively) separable in the fixed 
input vector. The implication of separability, in general, is that the marginal 
rates of technical substitution between the variable inputs (and the optimal 
variable input ratios) are independent of the level of the fixed inputs. In 
other words, under separability a firm's expansion path with respect to the 
fixed inputs is a straight line from the origin. The implication of strong 
separability, in particular, is that the marginal physical products of the 
perfectly variable inputs are invariant to the level of any fixed input 
(Chambers, 1989). Given that separability of fixed input imparts severe 
restrictions on a production technology a researcher has better test for its 
existence rather than impose it a priori on an empirical model. 

The objective of this paper is to develop a differential demand system 
with fixed inputs without employing the separability assumption. In what 
follows, section 2 presents the theoretical framework, while section 3 develops 
the differential demand system with fixed inputs and the statistical tests for 
separability. Section 4 involves an empirical application of the model to the 
Greek agricultural sector for the period 1961-97, and section 5 offers 
conclusions. 

2. Theoretical Framework 

Let C be a variable cost function giving the minimum cost required to 
produce output level y, given the prices of variable inputs, pi, i= l , 2, ..., 
n, and the stock of a fixed factor, k. 

Formally, 
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where f is a twice continuously differentiable, increasing in k and increasing 
and concave in q production function. 

The elasticity of variable cost with respect to y is 

where Cy is the marginal production cost. Differentiating both sides of (1) with 
respect to y yields, 

The share of the ith variable input in Cy, that is, the proportion of Cy 

allocated to this input (Theil, 1977), may be expressed as 

where wi and eiy are the budget share and the output elasticity of the ith input, 
respectively. By definition, 

where Ck is the marginal shadow value of k (Hulten, 1986; Morrison, 1986). 
Differentiating both sides of (1) with respect to k obtains 
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The share of the ith variable input in Ck is 

where eik is the elasticity of the ith input with respect to k. By definition, 

Consider now a proportionate increase in y and k. Then, from World's 
identity (Brown et. al, 1995) one obtains 



3. A Differential Model with Fixed Inputs 

The demand function for the ith variable input is qi—qi(y,k,p). Taking 
the total differential of it, multiplying through by pi/C and utilising relations 
(4) and (8) obtains the allocation decision for the ith input as a function 
of changes in y, k, and in the input prices 
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However, from relation (13) and the fact that gv+gk= 1 follows 

gy(θy-θi) + gk(θk

i-θi)=0 => gk(θk

i-θi) = gy(θy

i-θi). As a result, relation (16) 
can be rewritten as: 
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4. An Empirical Application to Greek Agriculture (1961-97) 

4a. The Empirical Model and the Data 

For the empirical application the agricultural sector in Greece is modeled 
here as an aggregate competitive firm which produces one output using five 
perfectly variable inputs, namely, Labor (X1), Feed (XT), Fertilizers (X3), 
Chemicals (X4), and Fuel and Energy (X5) and two fixed inputs, namely, 
Land (Kl), and Capital (K2). The classification of inputs into perfectly variable 
and fixed which is adopted in the present study is similar to that employed 
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in earlier empirical production studies in agriculture (e.g. Mergos, and 
Karagiannis, 1997; Coyle, 1992; Hauver and Yee, 1991; Weaver, 1983). 

Prices indexes (1970=1), expenditure in current prices, and volumes 
(expenditure in constant 1970 prices) for Feed, Fertilizers, Chemicals, and 
Fuel and Energy has been obtained from the National Accounts of Greece 
(NAG). The volume of Labor has been obtained from the Eurostat publication 
"Economic Accounts for Agriculture and Forestry" and the publication of 
the European Commission "The Agricultural Situation in the Community". 
The wage index (1970=1) for Labor is available by the National Statistics 
of Greece (NSSG). This index along with information on agricultural wages 
from the Survey of Agricultural Holdings (carried out every four years from 
the NSSG) has been used to calculate expenditure on Labor. The stock of 
Capital (which includes both machinery and structures) is available by the 
NAG. Information on irrigated and non irrigated land is available by the 
NSSG. This, in conjunction with the respective rental prices provided in 
the study by Psarou (1994) and the Land price index (1970=1) which is 
available by the NSSG and the study of Chetui (1996) has been used to 
construct a "quality adjusted" Land variable as in the studies of Mergos 
and Karagiannis (1997) and Papanagiotou (1998). The output variable (Ύ) 
stands for the value of the agricultural production at constant (1970) prices 
and it has been obtained by the NAG. The data used in this study are 
available by the author upon request. 

For the empirical application a Rotterdam parameterization has been 
adopted (Davis, 1997; Theil, 1980). This implies that all price, variable input 
volume, fixed input and output parameters appearing on the Right Hand 
Side of relation (20) have been treated as constants. The theoretical 
restrictions of symmetry and homogeneity have been imposed and the 

Because of the adding-up conditions the error variance — covariance matrix 
of the five-equation model is singular, thus, one of the equations has to 
be omitted. Initial experimentation showed that the empirical results are 
invariant to the choice of the equation. Here, the Fuel and Energy equation 
has been dropped and its coefficients have been recovered from the theoretical 
restrictions (symmetry, homogeneity and adding — up). Finally, since discrete 

... 
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data are used for the empirical application the rates of change of the model 
variables have been approximated as ln(zt)-ln(zt-1), where ζ stands for a 
price or an intensity variable, while the cost shares have been approximated 
by 0.5* (wit+wit-1), as suggested by Moschini and Vissa (1993) and Lee et. 
al (1994). The estimation of the four-equation model has been carried out 
using the LSQ (Iterative SURE) procedure in the statistical program TSP 4.3. 

4b. The Empirical Results 

Table 1 presents the parameter estimates along with the corresponding 
asymptotic standard errors. The Hessian matrix of the substitution effects 
is negative semi definite as stipulated by the economic theory (the eigenvalues 
of the matrix are -0.133, -0.01, -0.009, -0.0013, and -0.00079). The DW are 
1.83, 2.01, 2.34, and 1.66 for Labor, Feed, Fertilizers, and Chemicals 
equations, respectively, indicating absence of autocorrelation. The system 

coefficient of determination-calculated as R2

L =1-1/(1 +LR/T(n-1), where Τ 
is the number of observations, η is the number of estimated equations and 
LR is twice the difference between the log-likelihood of the estimated 
system and the log-likelihood of the same dependent variables regressed on 
constants only (Bewley, Young, and Coleman, 1987)-is 0.67. Given that the 
model is differential, the explanatory power of the variable input volume 
effects, the price effects, and the intensity effects together on the variation 
in the allocation decisions appears quite high. 

The estimated system has been subjected to test for endogeneity. In 
differential input demand systems endogeneity may arise because of the 
presence of the change in total variable input volume, dlogQ, on the Right 
Hand Side of the input allocation decisions (Theil, 1976; Attfield, 1985). 
To test for this potential problem we resort to the theory of Rational 
Random Behavior (Theil, 1976 and 1980; Duffy, 1987) according to which 
dlogQ is exogenous when the disturbance covariance terms are proportional 
to the price parameters. Practically, for empirical differential models such 
as (20), exogeneity of the rate of change of the total variable input volume 
may be tested by confirming that cov(ubuj) = aπij, where λ is a factor of 
proportionality and u's are the residuals of the estimated equations (Lee 
et. al, 1994). The regression of the residual covariances on a constant and 
on the price parameters gave cov(ui,uj)=0.12(2.7)-1342.2(76.3)5,y, with 
R =0.97, the numbers in parentheses being standard errors. The intercept 
of the above regression is insignificant while the slope is significantly different 
from zero suggesting that the residual covariances are indeed proportional 
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to the price parameters. Hence, endogeneity does not appear to be a 
problem in the present study. 

TABLE 1 

Parameters Estimates and Asymptotic Standard Errors 

*(**), Statistically significant at the 5(10) percent level or less, bi, i=, 1, 2, ..., 5 are the 

trend effects. 0 ih (i = l, 2, ..., 5 and h = l, 2) are the coefficients associated with the intensity 

variables. The standard errors of the coefficients of the fifth equation (Fuell and Energy) 

have been calculated using the ANALYZ procedure in the TSP 4.3. 

From the five total variable input volume parameters (θi) three are 
statistically significant at the 5 percent level or less, while one is significant 
at the 10 percent level or less. From the fifteen price parameters (πij) nine 
are statistically significant at the 5 percent level or less and two are 
statistically significant at the 10 percent level or less. From the ten intensity 
parameters (φih) four are statistically significant at the 5 percent level or 
less and one is statistically significant at the 10 percent level or less. Finally, 
from the five trend (technical change) parameters (bi) three are statistically 
significant at the 5 percent level or less. 

Table 2 presents the separability tests. The individual null hypotheses 
that Land and Capital are separable from the variable inputs are strongly 
rejected at any reasonable level of significance. The same happens with the 
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joint hypothesis that the two fixed inputs and the output are separable from 
the variable inputs. On the basis of the empirical evidence one concludes 
that separability between the fixed and the variable inputs is not consistent 
with the technology of the Greek agricultural sector. 

TABLE 2 

Separability Tests 

*, probability of observing higher value in parentheses. For the first two hypotheses the 
theoretical distribution is the Chi-Squared with 4 degrees of freedom while for the last 
hypothesis is the Chi-Squared with 8 degrees of freedom. Note that φ51 = 0, φ52 = 0 and 
φ51 =φ52 = 0 are true as long as the first, the second, and the third hypothesis, respectively, 
in Table 2 hold because of the adding — up conditions. 
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TABLE 3 

Divisia and Price Elasticities* 

*(**), Statistically significant at 5(10) percent level or less. The elasticities calculated at the 
sample means. 

TABLE 4 

Intensity Elasticities 

*(**), Statistically significant at 5(10) percent level or less. The elasticities calculated at the 
sample means. 
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The Land input appears to be net technical complement for Labor, 
Chemicals and Fuel/Energy and net technical substitute to Fertilizers and 
Chemicals. The Capital input appears to be net technical complement for 
Feed, Fertilizers and Fuel/Energy and net technical substitute for Labor 
and Chemicals. 

5. Conclusion 

The differential input demand systems are flexible and parsimonious and 
provide approximations to an underlying unknown technology in the parameter 
space. Therefore, they constitute attractive alternatives to the dual models. 
Earlier theoretical and empirical works, however, either failed to recognize 
the existence of fixed production inputs or they employed the assumption 
of strong separability between the fixed and the perfectly variable inputs. 
This paper develops a differential demand system which involves fixed inputs 
without the assumption of separability (strong or weak). This allows the 
allocation decisions for the perfectly variable inputs to depend on the 
intensity of use of the fixed inputs. It also allows testing for separability 
through simple parameter restrictions. 

The theoretical model has been applied to the agricultural sector in 
Greece for the period 1961-97. The null hypothesis of separability between 
Land and Capital (fixed inputs) and all the variable inputs has been decisively 
rejected at any reasonable level of significance suggesting that the intensity 
of use of Land and Capital do affect the allocation decisions (optimal 
variable input ratios). On the basis of the relevant intensity elasticities, the 
increase in the use of Land appears to work towards the expansion of 
Chemicals and the reduction of Fertilizers while the increase in the use of 
Capital increases the allocations to Fertilizers and reduces the allocations 
to Labor and Chemicals. 

Since the mid-1980s land restrictions has been among the policy instruments 
applied throughout the E.U. in an effort to curtail rises in the agricultural 
supply. The empirical results of this paper suggest that for the case of 
Greece land restrictions had mixed effects vis-a-vis the environment since 
on the one hand they favored the use of Fertilizers (a technical substitute 
for Land) but on the other hand they discouraged the expansion of Chemicals 
(a technical complement to Land). The various types of investment aid to 
farmers, had mixed effects vis-a-vis the environment as well since they 
favored Chemicals but not Fertilizers. The increase in the intensity of Capital 
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use, however, had a clear negative impact on the allocations to Labor (a 
technical substitute) contributing, thus, to the exodus of the agricultural 
population which characterizes the agricultural sector of Greece since the 
1960s. 

Notes 

1. For the sake of simplicity we consider here a single fixed input. Multiple fixed inputs 
are considered in the next section. 

2. For a similar characterization of the "Total Marginal Cost", in the context of a 
differential system with multiple outputs but without fixed inputs see Theil (1980, pp. 44). 
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