‘THE SERIOUSNESS OF THE CAPACITY INDIVISIBILITY
PROBLEM IN INVESTMENT DECISIONS *

By Dr. PRODROMOS G. EFTHYMOGLOU

1. Introduction.

The capacity indivisibility problem has frequently been an important issue
in discussions on efficient investment policies for public enterprises!. In this
paper we formulate a model to measure the seriousness of this problem, based
on an estimate of the additional investment costs, in present worth terms, which
have to be incurred in order to ensure that capacity is always sufficient to meet
-expected peak demand. Specifically, the model can be used to measure the
_seriousness of the indivisibility problem in particular sections of an intercon-
nected power system, where new indivisible equipment of a certain type should
be installed at the time when the total capacity of the existing equipment is just
been utilized, in order to ensure that excess demand in these sections requiring
rationing will never appear 2.

The installed capacity of a certain type of equipment depends, as is known,

* The author is an economist at the General Direction of Production and Transmission
of Electricify of the Public Power Corporation of Greece and a lecturer at the Chair of
Economics of the Technical University of Athens. He is indebted to Mr. W. Peters for helpful
discussions. He is also gratefull to Prof. S. C. Littlechild who read an earlier draft of " this
Paper and provided helpfull comments and suggestions.

1. See, for example, M. Boiteux (ref. 1), H. S. Houthakker (ref. 3), R. Turvey (ref. 7.
8) and O. Williamson (ref. 9). ;

2. H. B. Chenery (ref. 2) considered the problem of optimal timing of lumpy invest-
ments by formulating a model based on the interplay between economies of scale and an
‘expected linear growth in demand for capacity. A. S. Manne (ref. 4) extented Chenery’s
model by considering : a) probabilities in place of a constant rate of growthin demand and,
b) the economies and the penalties involved in accumulating backlongs of unsatisfied demand.
While the object of these studies was to determine the optimal size. of the plant to be in-
stalled, the present paper is concerned with measuring the seriousness of the indivisibility
problem, when the capacity required to be installed is only available to the industry at a
standardized plant size.
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on the peak demand likely to be presented at the section of the system where
this equipment is located 1. If existing capacity is just sufficient to meet peak
demand, a given growth in the latter can only be met by installing new equip-
ment. While, however, the growth in peak demand may usually be considered
as continous, installed capacity. can only be increased in steps, as new equip-
ment is introduced by discrete amounts. This poses the problem of choosing
between an early introduction of the equipment in order to fit capacity to-
expected peak demand and the postponment of the installation until the time
when the growth in peak demand can justify the efficient use of the new capacity.

The first solution results in higher investment costs due to permanent
eXistence, at the particular section of the system, of excess capacity, as new
indivisible equipment is introduced at the time when peak demand becomes
just equal to installed capacity. The second solution, however, leads to a dete-
rioration of the quality of the service rendered to the consumer fed from this
section of the system, since it may require arbitrary voltage reductions or power
cuts during peak load periods. It is evident that, the more serious the indivisi-
bility problem is, the higher will be the additional investment costs to be incur-
red in order to ensure that capacity shortages requiring rationing of excess
demand will never appear.

2. The Model for Measuring the Seriousness of the Indivisibility Problem.

Provided that it is the consumer who will finally be charged with a higher
price, because of the additional investment costs due to the early introduction
of a new indivisible equipment, it is worth determining the magnitude of these
costs when we evaluate investment proposals in expanding the capacity of par-
ticular sections of an interconnected power system. For this purpose, the for-
mulation of the model is made with reference to a given type of equipment, Z,
located at the section W of the system. Therefore, the method is based on esti-
mating the additional investment costs, which need to be incurred in order to.
ensure that the installed capacity of the indivisible equipment Z is always sufticient
to meet the expected peak demand at W.

These costs, taken as a proportion of the total investment costs which would
have to be incurred if Z were perfectly divisible, so that the increase in capa-
city coincided with the growth in peak demand, can then be considered as a
measure of the seriousness of the indivisibility problem of the equipment in
question. ;

For the formulation of the model the following relationships are used with:
respect to the case considered :

1. The required reserve capacity is regarded as part of the expected peak demand.
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(a) The peak demand in growing exponentially at a rate m, i.e.,
D(t) = D, (I + m)t
(b) The initial capital cost is $ k per unit of capacity and it is constant..
(c) The operational life of the equipment is L years.
(d) The discount rate r is constant throughout.
(e) New equipment is installed : i) in perfectly divisible amount, ii) in dis-

crete amount of S capacity units.

Given these relationships, the rate of increase in peak demand is
Dy (I +m)t In (I 4 m)

On the other hand, the worth of the capital costs of installing a new unit of
capacity and its subsequent replacements to infinity, at the time when the new
unit is installed, is equal to :

Kt)=k [1 — (1 — r)-]** = K, constant

Thus, the worth at dt of the capital costs to be incurred in installing in dt the
required new capacity at section W and its subsequent replacements under case
(e) i. will be:
KD, (I 4+ m)t In (1 - m)dt

and the present worth of the total capital costs to be incurred from now to
infinity will be :

Co=I" KDy (1 + m)t (1 + 1)t In (1 + m) dt M
where, C, is the present worth of all capital costs incurred from now to infinity"
for capacity increases and replacements.

Let now be assumed that new equipment can only be installed according:
to case (e) ii,, i.e. in discrete amounts of S capacity units. In order to have
always sufficient capacity at section W, new plant should be installed in con--
cecutive points of time Ty, Ty, T, ... .. ,» where Ty (j = 1,2, .5 ) is estimated,.
given T;_; from the relation :

D (T; ) — D (T;-1) =S

or
D/(T; ) — Di(Ti—1) = D (Tj=1) [(1+m) L i ]'= Skt ¥2)

when, D(T)=D,, To=0
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“The worth at T; of the capital costs incurred for the introduction at T; of a
aew plant and its subsequent replacements to infinity will be :

KS
-and the present worth of the sequence will, therefore, be egual to :

@ 220
Cil=25 KS| (1 4= m)iis: A3)
j=o0
" The measure ot the seriousness of the indivisibility problem of equipment Z
located at the point W of the system can be expressed as :

C;/Cl=l+u

"where, u represents the proportion of the additional investment costs, which
:should be incurred in order to ensure that the capacity of Z, which can be
iinstalled in descrete amounts, is always sufficient to meet expected peak demand.

‘3. Simplification of the Model.

It is difficult to handle eq. (3) for estimating Ce, since this would require
‘T; to be calculated for j =1 to j = . However, this equation can be simpli-
fied if we are willing to assume that the predetermined size of the indivisible
plant, which is introduced in successive points of time, is rising at the same
'rate as the growth rate of peak demand .

Using eq. (2), it can easily be shown that this assumption results in

T) —Tj=1 =T say, forall j=1, 2...... In fact, eq. (2) can be written as :
Tj —Tj- Tj —Tj—1
D (T; )—D (Ty—1) = D(Tj1) [(1+m> i ]= S SRR

1 j — Tj— j — T

Tj— Tj j Tj— T
or, Dy(ll -f-m) [(1 e —1J=s0(1+m) )

where, §; is the predetermined size of the plant to be installed in time 0 4
‘Reducing this equation, we can obtain : S

s Tj — Tj—
Do — So) (1 4+ m) =D,

Tj — Tj—1 D»
.and, (1 4 m) : ; D S constant
0~ %0

1.  T.N. Srinivasan (ref. 5) considered the problems of optimal capacity expansion like
A.S. Manne, except that demand was assumed to grow at a constant geometric rate over an
infinite horizon. He pointed out that it is optimal to install a plant at each point of a
sequence of equally spaced time points. Because, however, of the geometric pattern of growth
iin demand, in his model like our assumption, the size of blant to be installed at each such
itime point is growing exponentially at a rate equal to the growth rate of demand.

s
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Having T; — T;.1 =T, constant for j = 1 to j = o, we can estimate T

DO
from In (—ISOTS‘;“)
= In (1 4+ m)
Therefore, eq. (3) can now be written 1.
2 iT —iT
C= 2 KSg(1+m) (141 (3.1)
=0 ;

Since Cy is a sum, we shall modify C, into a sum as well. Thus letting
(1 +m) (d+1'=R

€q. (1) can be written :

m 2T Rt 3T Rt A
C, =KDy [In(l4+m)] [ / Rtdt+ R* [ dt + R2t [ dt sy .
o T RT 2T R2T
However, since.
T 2r Rt 3r Rt RT—1
g Rt dt = {—RTdt=2'1[ Wdt_ ........ e PR
the above equation can take the form?:
C,= KD, [In (1 + m) Sl LSRRG 1.n
¥ ° T e

Putting now KS, of eq. (3.1) at the left of the summation symbol, substituting R
and dividing this equation by eq. (l.1), we may finally obtain :

A Sy InFREEES
C:/C,—Do Tm(Fm) RE—1 =1+4+uforR£1 )
and ; 4)
Gy CH= So i cifieg for R =1 ‘
2= D Tn (1+m) T R e ol

From the last equation we can calculate the proportion of the additional invest--
ment costs, in present worth terms, which should be incurred in order to-
ensure that capacity shortages at the section W of the system will never appear.
Therefore, eq. (4) can be used as the measure of the seriousness of the existing.
capacity indivisibility problem.

1. As may be seen C, and C, are infinite for m > r. This however does not prevent
estimating their ratio.
RT — 1 3 ’ :
REEL is valid for R > 0 and 3 1. If R = 1, the integrals are simply equal.

to T. On the other hand, R is always positive.
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It should be noted that this measure is based totally on investment costs. If
‘however new capacity is more efficient than existing capacity, the introduction
-of the indivisible plant will result in better operating conditions for the system,
since the excess capacity of the new plant will be used to replace less economi-
«cal capacity. Thus, if we are willing to take into account the resulting savings
in total operating costs of the installed capacity, then the proportion of the
additional costs due to capacity indivisibility will be lower than that chown in
eq. (4). Obviously, this proportion would be even lower if the predetermined
size of new plant were expected to rise at a rate lower than the growth rate of
-demand. i ;

Considering now the parameters entered in eq. (4), it can be deduced that
the seriousness of the indivisibility problem, as measured by the value of u,
is less when,

— the installed capacity of the equipment is large compared with
the predetermined size of the new plant, i.e. when the ratio
Co/Dyg is small

— the growth rate of peak demand is high, and
— the discount rate is low.

Eq. (4) does not include K. This is due to the fact that this equation gives
the additional investment costs to be incurred because of the indivisibility pro-
blem, as a proportion of the total investment costs which would be incurred
if the capacity were perfectly divisible.

4. A Numerical Application of the Model.

Although the proposed model can be applied with reference to various
sections of an interconnected power system and more generally, to any system
‘where capacity indivisibilities represent a problem, for expository purposes we
«consider here a simble example referring to a section of an electricity distri-
bution network L. In particular, let us consider the section W (i.e. the sum of
distribution transformers feeding a village), where the individual equipment Z
(distribution transformers) is located.

‘We make the following assumptions :
— m = 0.11 is the annual growth rate of peak demand

— r = 0.10 is the annual discount rate

1. For example, in the electricity generation section, the indivisibility problem may refer
to the predetermined size of a new generating plant in relation to the installed capacity of
the whole system.
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—7D, = 2000 KVA (killo-volt ampers) is the present peak demand and

— S, =400 K VA is the present standardized size of a distribution trans-
former, which is available to the industiy.

“On the basis of these assumptions, we have:

R =(l+m)(l +r)? =1.11/1.10 = 1.00909

D, 2000
e 5 In(5500—400 "
and, 1 = - = —— =147
In (1 4 m) In 1.11
‘Substituting these values to eq.(4) we have :
e = So _l_nR il 400 In 1.00909
N (A ) IS REE = E SeRO 00 [T 1.747

1.00909 1

‘which finally gives
Ce/C, =1.08834 =1+ u
and, u = 0,08834.

Hence, the additional investment costs, in present worth terms, which should
be incurred in order to ensure that installed capacity of the distribution trans-
formers at the section W of the system is always sufficient to meet expected
peak demand at that section, accounts for 8.83 per cent of the investment costs
which would be incurred if the capacity of the transformers were perfectly
<divisible.

5. Allowances for Expected Technical Progress.

So far the formulation of the model was based on the assumption that the
investment costs per unit of new capacity is constant. However, allowances for
future technical progress can easily be incorporated into the model. The result,
-as shown below, is equivalent to raising the discount rate and this will increase
the additional investment costs to be incurred in order to fit the indivisible
«capacity exactly to demand 1. '

In order to spell this out let us assume that v denotes the rate of reduction
of investment costs, that is the annual rate of expected technical progress. Then
the investment costs of introducing a unit of new capacity at time t will be :

k(t) = ko (1 — V)t

1. R. Turvey points out that the result of an allowance for expected tef:hnical progress
is to raise long-run marginal cost, because the allowance is equivalent to raising the discount
rate. See ref. 4, p. 56.
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and the present worth, at that time, of the total investment costs of the first
introduction of the unit of new capacity and its subsequent replacements into
the infinity will be :

ko (1 —V)*
1—v- Ad+n*

SO = K* (1 —v)t

where K* is constant.
Eq. (1) can now be written : ,
C: = £°° K*Dy(1 + m)t (1 +p)»t In(l + m)dt
where, (1 +p)= (1 — V) (1 4+ 1)
Thus, letting B= (1 + m) (1 + p), eq (1.1) becomes :

C' = K*D, [In(l 4 m) LRl (5)
4 9 In B j=o0
On the other hand, eq. (3.1) can now be written :
C;= Z K*S, (I +m)7T (1 + p)iT ©
j=0

Finally, dividingeq.(6) by eq.(5) we obtain the following formulation of the model =

Sy o So InB - )
G /C= DoTn(l £ ) SR 1 +u for B £ 1 I
S 1 &
- . 0 P sk =
and, C, /C1= DRAIT ) T =1-4u for B =1 '

From this formulation it is easily seen that the incorporation of future
technical progress into the model is equivalent to an increase in the size of the-
discount rate, which results to raising the additional investment costs to be in-
curred in order to fit the indivisible capacity exactly to expected peak demand.

Thus, if we are willing to take into account, in the numerical example con~
sidered in the previous section, the expected technical progress by assuming that,
the investment costs per unit of capacity of distribution transformers is expected
to be reduced annually at a rate of 3 per cent, then we have v = 0.03 and

B=(—v) (1 41?1 +m= 0_-9_7% — 0.97882

Substituting the appropriate values in eq. (7) we obtain :

So InB 400 In 0,97882
D,in(1+m) BT—1 2000 Inl.1l 0.97881 17471

G [C=
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which finally gives :
C; [C; = 1.11765 = 1 + u*
and u* = 0.11765

It is seen, therefore, that when expected technical progress is taken into
account, the percentage of the additional investment costs rises from 8.83 to
11.77 per cent.

6. Conclusion.

The proportion of the additional investment costs, in present worth terms,
which must be incurred in order to follow a policy of expanding the capacity
of a section of a system, by installing equipment of predetermined sizes when-
ever demand catches up with existing capacity was suggested as a measure
of the seriousness of the capacity indivisibility problem. The measure can be
improved by taking into account the savings in operating costs, which result
in the system from the replacement of the existing less economical cai)acity by
the excess capacity of the new indivisible equipment over the time that the
growth in demand is not sufficient to utilize its total capacity.

A possible use of this measure could be ‘its application as a criterion to
determine the appropriate time for installing a new indivisible plant. In parti-
cular, it may be decided that a policy of expanding the capacity whenever de-
mand catches up with existing capacity will be followed only when the estimated
Proportion of the additional costs is lower than a maximum acceptable rate.
Thus, if this proportion is found to be higher!, then it may be appropriate to
Postpone the installation of the new plant until the time at which the propor-
tion of the additional costs becomes equal to the level of the acceptable rate.

. As we have noted, this may be due to one or more of the following factors : a) the
expected growth in demand is low, b) the predetermined size of the plart which is availabl
to the industry in large in relation to the existing capacity, c) the rate of discount is high
and, d) the rate of future reduction in costs, owing to expected technical progress, is high,

59
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