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I. PERSPECTIVES

The mgjority of research effort on asset valuation and market efficiency du-
ring the past two decades has been based on single - period asset pricing models
that are founded on the early contributions of Markowitz [1952, 1959], and Tobin
[1958]. Known generdly by the acronym (CAMP), these one - factor models were
first developed by Treynor [1961], Sharpe [1944], Lintner [1965], and Massin [1966]
and later extended through such variants asthe «zero beta» of «two-factor CAMP»
by Black, Jensen, and Scholes [1972], the «three factor CAMP» by Merton [1973],
and the «four-factor CAMP» by Fama and MacBeth [1973].

In its basic form, the one-factor CAMP assumes that assets are priced in
awdl integrated market, and specifies the expected return on an investment as
alinear function of the risk free rate and the expected return on the market port-
folio. More specificdly, the mode assumes the following anaytical structure :

* Earlier versions of this paper were presented at Faculty Workshops at the University of
Maryland, the University of Tennessee, V Université De Nice (IAE), and L' Université De Droit,
D'Economie, et Des Sciences Appliquée D' Aix -Marseille (CEFTI), aswdl as at the 1983 FMA
Meetings in Atlanta, GA. The authors wish to thank the participants at these sessions for constru-
ctive comments and criticism. Shortly after this research was completed, a working paper by
Dybving and Ross [1983] was also presented at the 1983 FMA Meetings. Although the Dybving
and Rossworking paper mainly serves as aresponse to Shanken's [1982] criticism of the testa-
bility of the APT, it also, utilizes and approach similar to be one developed in this paper to show
the relationship between the CAMP and the APT. The paper by Dybving and Rosswas published
in September 1985.
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E(?ii t) = Ri+ ﬁJ[E(Emt)“' Ry, (1)
where

Rjt = return on asset j at time t ;

R,= return on risk-free asset f;
R .= return on the «market» portfolio ;
Bi = (o,/0,) =the ratio of the covariance of asset j with the market

over the variance of the market, also known as <«beta» coefficient; and
E, ~ denote the expectation operator and random variable, respectively.

There has been a significant and consistent lack of succeess, however, in attem-
pts to validate empirically expression (1) that led early researchers to efforts
or improving the testing methodology and enriching the analytical content of the
model. In early attempts to reconcile the theoretical implications and the empi-
rical findings of the CAPM, Blume [1971], Vasicek [1973], and others, first suggested
ways to adjust the empirical beta coefficients to their analytical counterparts’. Other
efforts were directed toward the enrichment of the model through additional factors
so as to account for such empirical anomalies as «size - effects», «turn-of-the -
year effects», and «earnings/price rations effects»’. Nevertheless, some researchers
seem to have come to the conclusion that the CAPM may not describe adequately
the structure of asset returns. Hence, the need for a substitute to the CAPM that
would overcome the previously outlined limitations, as well as answer the basic
question of CAP M - testability raised by Roll [1977].

More recently, Ross [1976, 1977], pursued a different direction and developed
an Arbitrage Pricing Theory (APT) that does not depend on knowledge of the mar-
ket portfolio, and, hence, on the mean - variance efficiency of such portfolio, which
is the main conclusion of the (CAPM). The APT allows for any number of risk pre-

1. See Jensen [1972] or Philippatos [1979] for a thorough review of the empirical investigations
of the CAPM.

2. There are at least three well known beta - adjustment procedures - namely, the Blume [1971],
the Vasicek [1973], and the Merrill Lynch. For a detailed review and comparison of these
procedures, see Hawawini and Vora [1982].

3. See Schwert [1983] and the other papers in the same issue for the latest studies on what are
euphemistically called «empirical regularities».



mia to influence expected returns and is regarded by the current literature as an
aternative to the CAPM. Its return structure, equivdent to (1), is given by (2)-

Like the CAPM, researchers set out to test the empiricd vdidity of (2). These
tests, confined to their limitations, cover awide spectrum of hypotheses. For exam-
ple, some investigated the relevant factors to be included in the fina form of (2)

E(Rit) == Rr+bnlE(R y¢) — Re]4+-biJE(RZp) — Ryl . -me[E(R;‘t) - Ry, (2
where
Bim = beta of asset j associated with factor m ; and

E(R™ )= expected return on factor m.
Mt

(Ceéhr [1979], Roll and Ross [1980] ), while others tested the uniqueness of both
the risk-free and excess factor returns across assets at a given point in time
(Hughes [1982] and Brown and Weingtein [1983] ). The results, although not he-
rdded so, were not in general agreement. Gehr [1975] found that two or possi-
bly three factors explained a large portion of variation in returns, but only one
of the factors was sgnificant in the pricing relationship. Roll and Ross [1980], on
the other hand, reported five sgnificant factors. Brown and Weingtein [1983] pre-
sented evidence conflicting with the five-factor modd suggested by Roll and Ross,
while Hughes [1982] provided evidence that there exists a unique risk-free rate
across securities, in line with expression (2). Additional tests by Fogler, John,
and Tipton [1981], Oldfield and Rogalski [1981], and Reinganum [1981], have attem-
pted to identify the return generating process, given in expression (2), through
empiricd methods. Also, in a related research, Sharpe [1987] reported 8 sydte
matic sector influences (Basic Industries, Capita Goods, Construction, Consumer
Goods, Energy, Finance, Transportation, and UtiIitis)“.

The purpose of this paper is to dwel on some serious weaknesses that chara-
cterize most of the empirical studies that have used latent variable techniques, such
as factor analysis, to identify and measure the risc premia in the APT. The main
conclusion of the paper is that a decompostion of the covariance structure of the

4. For some theoretical work on the APT the reader is referred to Ross [1976, 1977], Shanken
[1982], Elton, Gruber, and Rentzler [1983], and Solnik [1983].
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variables under consideration into m components, via factor analysis, may not
necessarily imply an m-factor asset pricing model. That is, such decomposition
simply partitions the over-all systematic risk of an asset into m additive compo-
nents without contribution anything to the pricing relationship of the asset. Corro-
borating empirical verification is obtained by applying our methodology to the fo-
reign exchange market. The empirical evidence can be summarized as follows :
(1) very little explanatory power is gained beyond the first factor ; (2) the APT-
type betas are not significantly different from the CAPM - type betas ; (3) the sin-
gle - index model yields adequate results, although it appears that at least a two -
factor model is necessary to approximate the covariance structure of currency re-
turns. Needless to say, aside from the specific emplirical findings, we believe that
the main conclusion of this paper is sufficiently general to hold for any market
with a finite number of factors.

The paper is organized as follows. Section Il reviews the Arbitrage Pricing
Theory and points out the weaknesses associated with its empirical tests. Section
ITI presents the orthogonal factor model which constitutes the cornerstone for most
empirical papers dealing with APT. Section IV is an application of the methodolo-
gy described in Section III, to the foreign exchange market, and Section V summa-
rizes the main conclusions.

II. THE ARBITRAGE PRICING THEORY AND ITS TESTS

Following Ross [1976, 1977], the Arbitrage Pricing Theory assumes the exi-
stence of the following three conditions.

;xiEi =0 3)
1
Ixiby=0, Vi, j=12,...m “4)
1
Ixi =0, (5
i
where
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Xi = additions or withdrawals from the original portofolio weights ;
Ei = expected returnon asseti ; and

by = sensitivity of asset i's returns to the movements of the common factor j.

Whereas derivation of expression (1) requires very restrictive assumptions (qua-
dratic utility and/or multivariate normality of returns, for example), condi-
tions (3) through (5) exploit the «law of large numbers» for the diversification
of the unsystematic risk inherent in every asset's returns. Assuming complete
diversification of the asset specific risk, the algebraic consequence of conditions
(3) through (5) is given by expression (6), which is equivalent to expression (2),

m
Ei—Eo = (E'-Eo)by+...+ (E - Eg)bjn’ ©

where a subscripted E denotes expected asset returns (with 0 being the riskless as-
set) while a superscripted E denotes expected factor returns.

In contrasting expressions (1) and (6), one recognizes the ability of the APT
to accommodate several sources of systematic risk. Although this may be viewed
as an advantage over the CAPM, the fact that the m factors that constitute the sour-
ces of systematic risk cannot be observed poses an offsetting disadvantage for the
APT’. Most of the empirical tests of APT employ factor analysis to validate ex-
pression (6). However, as discussed later in Section III, factor analysis attempts
to reproduce the covariance structure of the original variables with as fewer com-
mon factors as possible.

Although this statistical procedure yields uncorrected common factors, which
is desirable, the fact that it utilizes the relationship of the individual asset returns
to construct these common factors is not, in general, any different from constru-
cting a market portfolio from the individual asset returns. To evaluate this com-
parison let us reexamine expression (6) more closely. It is obvious that this expres-
sion ought to hold for individual assets as well as for fully diversified portfolios,
such as the market portfolio. Thus, regardless of the fact that the market portfo-
lio may not be directly observable, we may rewrite expression (6) as follows.

5. For a criticism of the APT on theoretical grounds, see Shanken [1982].
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E"-Eo=(El-Eo) b,,+ ... + (I1»- Eo)b,,_ (6)

where M refers to the market portfolio.

Expression (6'), above, states that an m common factor model is needed to
price the market portfolio. However, it also suggests that, for as long as the ex.
pected returns of the common factors are combinations of the expected returns
of the individual assets, the argument of asset pricing made earlier may be re-
versed. Ifthis be the case, the market portfolio may be utilized to price the m com.
mon factors and consequently the 1 individual assets - thus reducing the usefulness
of these factors to negligible value. That is, the market portfolio may be directly
utilized to price asset returns. In fact, all that is needed in this case is to apply
factor analysis on the market portfolio and any one asset. This procedure may
be sufficient to price any asset in the market under consideration.

Since neither the market portfolio nor the various common factors can be
observed, the causality of asset pricing is a matter of conjecture. Let us assume
that the market portfolio may utilized to price asset returns adequately’. More
specifically, let

Ei-Eo=B, [EY-Eo], j=1,2, ...,m, 7)

im

where BJM is the sensitivity of factor j's returns to the movements of the market
portfolio M. Expression (7) states that the market portfolio may serve as a pri-
cing mechanism for the m common factors, which is exactly the opposite argument
made earlier in expression (6'): Since expression (7) is not the result of a model
based on factor analysis, the variance of the market portfolio is not restricted to
unit value’. Note, however, that the factors in expressions (6) and (6') imply a unit
variance. Indeed, the betas of these expressions are the factor loadings of the
orthogonal factor model discussed later in Section III.

Ojm
, and substituting (7) into (6), we obtain

Replacing PJM with its definition

2
o

m

6. For a similar approach to this issue, see Sharpe [1977, 1982].
7. Expression (7) is similar to Sharpe's [1982] expression (9).
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OCym OmM

Ei—Bgp=—— bu [EM-Eo] + ... + = bim [EM - Eq] (8)
or
C1m OmM
Ei—Eo=[ by 4+ ... + 1 bim] [EM — Eq) (8)
o o
Cjm
Now, define —— aswj; then (8') becomes
2
Gm
Ei- Eo= [Wib, + ... +w_b, ] [E"-E,] )
or
m
Ei—Eo= 2, wiby E[* - Eo] 9
]
or
Ei-E,=bi [E"-Eo], (10)

m
where by = > wjbjj
]

Expression (10) resembles expression (1), which is derived from an equilibrium
model of asset prices (CAPM) under a set of very restrictive assumptions. This
expression establishes our claim that a decoomposition of the covariance stru-
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cture of the variables under consideration into m components, via factor analysis,
may not necessarily imply an m factor asset pricing model if the beta in expression
(10) is not significantly different from the beta in expression (1). That is, nothing
can be gained by decomposing the systematic risk of an asset into m components,
sincewe can always aggregate it back to its initial level.

To recapitulare, although the APT may be theoretically sound, empiricaly
it suffers from the same criticism that the CAPM is subjected to. That is, it is not
clear that although the covariance structure of the origina variables can be re-
produced by an m-factor model, it also ought to yield an m-factor asset pricing
model. The traditional tests of the APT via factor analysis have adopted the
above argument and consequently yielded conflicting results.

The next section reviews the orthogonal factor model that has been employed
in most empirical tests of the APT.

I1l. THE ORTHOGONAL FACTOR MODEL

A. The Covariance Structure of the Orthogonal Factor Model

The orthogonal factor model with m (m<n) common factors may be expres-
sd in matrix notation as

r= 1 4+ B f + u
(nxl) (nxl) (nxm) (nx]) (mxl), (1)

where
1= the observable random vector of asset returns ;
r = the mean vector corresponding to r ;
B= the matrix of factor loadings ;
f= the random vector of the unobservable common factors ; and

u = the random vector of the unobservable specific factors.

Itis assumed that
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E(f)=0 E(ff')=I
E(u=0 E(uu) = U, where U is a diagonal matrix.
E(uf')=0

The basic difference between the multivariate regression model and the ortho-
gonal factor model, as expressed in (11), is that while in the former the independent
variables can be observed, in latter the independent variables are generally unob-
servable.

The covariance structure implied by the orthogonal factor model is

1. Cov(r)==>=BB'+ U (12)
or

m
Var (r)= > b%j+u
j:: l

m
Cov (11, 1j) = 2, bucbik
k —_—

2. Cov (r,f)=B (13)
or

Cov (r,fi) = bij

The variance of the i'" asset's returns is decomposed into two components
caled «communality» and «unique» or specific variance, respectively ®.

.
Var(r) = >, b +u;
i=1

———

ith communality unique variance

8. This decomposition is andogous to the partitioning of the totd risk into sysematic and
unsystematic within the CAPM  framework.
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B. Estimating the Covariance Structure of the Orthogonal Factor Model

Estimating the covariance structure of the orthogonal factor model, as ex-
pressed in (12), essentially amounts to reproducing the covariance structure of
the original variables, V, with as fewer common factors as possible 9. Generally
speaking, the more X deviates from a diagonal matrix (i.e., the higher the cova-
riability between the security returns), the fewer the common factors necessary
to reproduce X will be. This simplification results in considerable computational
efficiency, especially when the population is sufficiently large as in the case of
common stocks. Thus, the adequacy of the common factors retained in the ortho-
gonal factor model deserves special attention. In the event that we specify fewer
common factors than those needed to price the asset universe adequately, mispri-
cing of some assets, will occur.

A common procedure for testing

ot

= B B U
Hp: (nxn) (nxm) (mxn) - (nxn)

versus

H, : 3= any other positive definite matrix,

has been suggested by Bartlett [1954] and employed by recent researchers (Roll
and Ross [1980] and Brown and Weinstein [1983]. Essentially, it assumes a normal-
ly distributed population and employs a chi-square test. The problem with this
test, however, is that it will continue to reject H, for a large number of factors
that may not provide significant additional insight to the estimated covariance
structure. Instead, we suggest the following alternative approximation.

Step 1. Specify an initian number of factors (sufficiently small, ie., m=
3) and estimate (11).

9. In the special case of 1 = m the factor analysis representation of (12) becomes exact and spe-
cific variances disappear. That is,
>= B B + 0= BB
(nxn) (nxn) (nxn)+ (nxn)
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Step. 2. Construct an efficient frontier utilizing the estimates obtained in
Step 1. This amounts to employing a multi-index model to form
an efficient frontier, a well known procedure in the literature.

Step 3. Retain an additional factor and estimate (11).

Step 4. Repeat Step 2.

Step 5. Contrast the new efficient frontier with its predecessor. If there
is significant improvement, go to Step 3, otherwise terminate
the iteration.

This procedure is equivalent to approximating the full covariance efficient frontier
suggested by Markowitz, with an adequate multi-index model'’.

Let us now discuss the estimation of the covariance structure of the ortho-
gonal factor model via principal components analysis''. To view the relationship
between the principal components and the orthogonal factor model, we can decom-
pose the factor loadings matrix B in (3) as follows

B =Vi/, L'
(nxm) (nxn) (nxm), (14)

where L' is the transpose of the loadings obtained from the principal components
analysis, and V'/2 is a diagonal matrix whose diagonal is the square root of the
diagonal of the eigenvalue matrix, V. From (14) we observe that

L=B'V-'/2, (15)

which derives from the principal components scheme of the form

10. The marginal contribution of each additional factor is positive, by construction.

11. For alternative estimation procedures the reader is referred to Johnson and Wichern [1982,
pp. 407-423].
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P=Lr, (16)

where p denotes the vector of principal components (portfolio). Algebraically,
the principal components are particular linear uncorrected combinations of the
original variables. For example, the jth principal component it the linear combi-
nationl r suchthat

max Var (lir) (17)
I
s.t. @) 1l'jlj= 1, and

(ii) cov (ljr,lir) =0 Ai <j

For our purpose it is important to keep in mind that we are interested in the li-
near uncorrelated combinations of the original and not the transformed va-
riables. That is, we are interested in the eigenvector-eigenvalue pairs derived from
the covariance and not the correlation matrix of the variables under investigation.
A principal component vector constructed according to (17) will have as a first
element the linear combination with maximum variance. Each subsequent element
will capture successively lower proportion of the total variance. The contribution
common factor is given by its corresponding eigen-

t h

to the total variance of the j
value, Vi

IV. APPLICATION OF THE APT TO THE FOREIGN EXCHANGE MARKET

A direct test of our hypothesis is to contrast the betas of the CAPM with those
suggested by expression (10). If the two sets of betas are approximately equal,
then we can safely accept the hypothesis that approximating the covariance stru-
cture of the original variables by an m - factor model may not necessarily imply
an m - factor asset pricing model. If, however, the two sets of betas differ signi-
ficantly, then we may reject the hypothesis of a single - factor asset pricing mo-
del. We proceed to investigate empirically this issue by applying the CAPM and
the APT to a data base from foreign exchange markets.

The foreign exchange market we will be dealing with in this section consists
of 14 assets, that is, the exchange rates of the 14 industrial countries (Austria,
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Belgium, Canada, Denmark, France, Germany, Italy, Japan, Netherlands, Norway,
Sweden, Switzerland, U.K., and U.S.A.), covering the period July 1974 through
December 1981. These exchange rates are expressed in terms of the U.S. dollar,
with the exception of the U.S. dollar which is expressed in terms of the special

drawing right (SDR)"’.

~

Let us define the month - end exchange rate of country i at time t, Xy, expres-
sed in units of country i's currency per U.S. dollar. Then, the continuously compou-

ded return on currency i, at time t Rj;, is given below

Rie = (Xt - o/Xit), (18)

where denotes a random variable.

Assuming that the fluctuations of returns (Rit) are generated by a «common
factor,» the returns from any country's currency may be given by the following
single - index model :

Rt = o+ BiR s +-&i’ (19)
where

-~

Ra¢ = continuously compounded return on the index, in this case the SDR,
at time t, expressed in U.S. dollars per SDR ;

ai,p1 = parameters to be estimated ; and

~

gt =thet'" errorterm.

Table 1 shows the currency betas according to expression (19). Alternatively,
we may estimate the currency betas via APT as noted in Section II. The necessary

12. The SDR is a «basket» of currencies created by the IMF in 1969 to augment international
liquidity. Although in 1974 it was a complified by keeping only the five «major» currencies
with participation weights of 42 percent for the U.S. dollar, 19 for the Deutsche Mark, and
13 each for the Japanese Yen, the French Franc, and the British Pound. These weights broa-
dly reflect the relative importance of the five major currencies in international trade.
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nputs for the calculation of betas according to expression (10) are the eigenvalues
and eigenvectors, derived from the variance covariance matrix of exchange rate
returns. Tables 2 and 3 show the eigenvalues and eigenvectors, respectively™.
Table 4 shows the betas according to expression (10), assuming various factor-

pricing schemes.

CURRENCY BETAS ACCORDING TO EXPRESSION (19)
PERIOD : JULY 1974 - DECEMBER 1981

Country (i) Bi t(By) R2

Austria 1.980 25.38 .880
Belgium 1.995 27.31 .89%4
Canada 0.238 2.60 072
Denmark 1.868 22.18 .848
France 1.768 21.19 .836
Germany 1.992 25.74 . 883
Italy 1.338 10.37 .550
Japan 1.357 7.93 417
Netherlands 2.012 28.20 .900
Norway 1.529 18.16 .189
Sweden 1.444 12.90 .654
Switzerland 2.158 14.92 717
U.K. 1.413 9.69 .516
U.S.A. -1.000 - --

In contrasting the betas of Tables 1 and 4, the following points are in order.
First, although a multi - factor model was utilized to approximate the covariance
structure of the currency returns, very little is gained beyond the first factor. This
is also evident from the data of Table 2, where it can be seen that the first factor

13. The egenvadues and eigenvectors of Tables 2 and 3 were obtained via the method of princi-
pa components andyds. Thet is, in terms of our notation of Section 11, Table 2 shows the
diagona dements of the eégenvaue matrix V, while Table 3 shows the dements of the factor

loadings matrix L.
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explains more than 76 percent of the total variability in currency returns. Although
the explanatory power of the first factor in this market is subgtantially higher
than its equivalent in any other market, we still expect the first factor to be highly
correlated with the market portfolio in question. This correlation was 0,98 in
this market, while subsequent factors exihbited much lower correlation coefficients
with the SDR. For example, the correlation of the sscond factor and the SDR
was 0,14 and less than. 0,06 for the remaining factors.

Second, the APT - type betas are not sgnificantly different from the CAMP-
type betas. The minor discrepancies may be due to the fact that we utilized the met-
hod of principa components to estimate the factor loadings. An dternative esti-
mation method may be the maximum likelihood technique. Of course, in such a

TABLE 2

FACTOR EIGENVALUES AND PROPORTION OF VARIANCE EXPLAINED
BY EACH FACTOR —-PERIOD : 7/1974 - 12/1981

Proportion
of Variance
Factor Eigenvalue* Explained
1. 0.009701 0.764110
2; 0.000912 0.071856
3. 0.000551 0.043416
4. 0.000485 0.038223
5 0.000317 0.024991
6. 0.000239 0.018826
T 0.000172 0.013559
8. 0.000128 0.010096
9. 0.000082 0.006469
0. 0.000063 0.004963
11 0.000023 0.001835
112. 0.000014 0.001100
13. 0. 000006 0.000445
14. 0.000001 0.000110

* The eigenvalues were obtained via principal components analysis of the variance - covariance
matrix of the currency returns.
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case the assumption of the normality of the common factors and the specific factors
is required™. Finaly, although it is evident from Tables 2 and 3 that at least a
two-factor model is needed to approximate the covariance structure of currency
returns, the single-index model given by expression (19) seems to yield ade-
guate results. That is, the SDR may be considered as an adequate proxy for the
currency market portfolio. An interesting future research project may be to contrast
the two methods of calculating betas before and after January 1, 1981, the date of
the simplification of the SDR from 16 currencies to five. It is conceivable that such
a simplification may not have been warranted, due to possible reduction in mar-
ket representation.

V. CONCLUSIONS

This paper has demonstrated that the application of factor analysis to test
empirically the Arbitrage Pricing Theory, may not be a valid procedure. More
specifically, decomposition of the covariance structure of the asset returns into m
components, via factor analysis, may not necessarily imply an m-factor asset
pricing model. We applied our methodology to the foreign exchange market and
verified the above hypothesis. However, we expect that the main conclusion of
this research will hold for any market with a finite number of factors. From the
empirical section of the paper we can also draw an additional inference ; that is,
the SDR may be considered as an adequate proxy for the currency market port-
folioin pricing national currencies.

14. For aful description or the method of the maximum likdlihood and a comparison with the
principal components method, the reader is referred to Johnson and Wichern [1982, pp.
415-420].
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